Abstract. A torus manifold M is a 2n-dimensional orientable manifold with an effective action of an n-dimensional torus such that M T = ∅. In this paper we discuss the classification of torus manifolds which admit an invariant metric of non-negative curvature. If M is a torus manifold which admits such a metric, then M is diffeomorphic to a quotient of a free linear torus action on a product of spheres. We also classify rationally elliptic torus manifolds up to rational homotopy equivalence and homeomorphism.
Introduction
The study of non-negatively curved manifolds has a long history in geometry. In this note we discuss the classification of these manifolds in the context of torus manifolds. A torus manifold M is a 2n-dimensional closed orientable manifold with an effective action of an n-dimensional torus T such that M T = ∅. Recently Spindeler [22] proved the Bott-conjecture for simply connected torus manifolds. This conjecture implies that a non-negatively curved manifold is rationally elliptic. Our first main result deals with rationally elliptic torus manifolds: Theorem 1.1 (Theorem 4.1). Let M be a simply connected rationally elliptic torus manifold. Then M is rationally homotopy equivalent to a quotient of a free linear torus action on a product of spheres. If, moreover, H * (M ; Z) is torsion-free or equivalently H odd (M ; Z) = 0, then M is homeomorphic to such a quotient.
Our second main theorem is as follows.
Theorem 1.2 (Theorem 6.1).
Let M be a non-negatively curved torus manifold. Then M is equivariantly diffeomorphic to a quotient of a free linear torus action on a product of spheres.
In the situation of the theorem the torus action on the quotient N/T ′ of a product of spheres N = i<r S 2ni × i≥r S 2ni+1 by a free linear action of a torus T ′ is defined as follows. Let T be a maximal torus of i<r SO(2n i + 1) × i≥r SO(2n i + 2). Then there is a natural linear action of T on N . Moreover, T ′ can be identified with a subtorus of T . Therefore T /T ′ acts on N/T ′ . If the dimension of T ′ is equal to the number of odd-dimensional factors in the product N , then N/T ′ together with the action of T /T ′ is a torus manifold. Theorem 1.2 is already known in dimension four. A simply connected nonnegatively curved four-dimensional torus manifold is diffeomorphic to S 4 , CP 2 , S 2 × S 2 , CP 2 #CP 2 or CP 2 #CP 2 (see [10] , [21] , [15] , [12] ). Moreover, by [6] or [9] , the T 2 -actions on these spaces are always equivalent to a torus action as discribed above.
We should note here that it has been shown by Grove and Searle [11] that a simply connected torus manifold which admits an invariant metric of positive curvature is diffeomorphic to a sphere or a complex projective space. Moreover, it has been shown by Gurvich in his thesis [14] that the orbit space of a rationally elliptic quasitoric manifold is face-preserving homeomorphic to a product of simplices. This condition on the orbit space is satisfied if and only if the quasitoric manifold is a quotient of a free torus action on a product of odd-dimensional spheres.
We apply Theorem 1.1 to rigidity problems in toric topology. As a consequence we get the following theorem: This theorem is a stronger version of Petrie's Conjecture. This conjecture states that if f : M → CP n is a homotopy equivalence and S 1 acts non-trivially on the manifold M , then f * (p(CP n )) = p(M ), where p(M ) denotes the total Pontrjagin class of M . This paper is organized as follows. In Section 2 we discuss results of Masuda and Panov about torus manifolds with vanishing odd degree cohomology. In Section 3 we introduce a construction which simplifies the torus action on a torus manifold. In Sections 4, 5 and 6 we prove Theorems 1.1, 1.3 and 1.2, respectively.
I would like to thank Wolfgang Spindeler for sharing his results from [22] . I would also like to thank Fernando Galaz-Garcia, Martin Kerin and Marco Radeschi for comments on an earlier version of this paper.
Preliminaries
Before we prove our results, we review some results of Masuda and Panov [17] about torus manifolds with vanishing odd degree cohomology.
They have shown that a smooth torus manifold M with H odd (M ; Z) = 0 is locally standard. This means that each point in M has an invariant neighborhood which is weakly equivariantly homeomorphic to an open invariant subset of the standard T n -representation on C n . Moreover, the orbit space is a nice manifold with corners such that all faces of M/T are acyclic [17, Theorem 8.9] . Here a manifold with corners is called nice if each of its codimension-k faces is contained in exactly k codimension-one faces. A codimension-one face of M/T is also called a facet of M/T .
The faces of M/T do not have to be contractible. But we show in Section 3 that the action on M can be changed in such a way that all faces become contractible without changing the face-poset of M/T .
For a facet F of Q = M/T denote by λ(F ) the isotropy group of a generic point in π −1 (F ), where
where two points (x i , t i ) ∈ Q × T , i = 1, 2, are identified if and only if x 1 = x 2 and
2 is contained in the subtorus of T which is generated by the λ(F ) with x 1 ∈ F . There is a T -action on M Q (λ), induced by multiplication on the second factor in Q × T . Then, by [17, Lemma 4.5] , there is an equivariant homeomorphism
For every map λ : {facets of Q} → {one-dimensional subtori of T } such that T is isomorphic to λ(F 1 ) × · · · × λ(F n ), whenever the intersection of F 1 ∩ · · · ∩ F n is non-empty, the model M Q (λ) is a manifold.
Some of the torus actions which appear in this paper are not smooth. But they are always homeomorphic to a canonical model as above over a topological nice manifold with corners.
The canonical model is equivariantly homeomorphic to a quotient of a free torus action on the moment angle complex Z Q associated to Q. Here Z Q is defined as follows:
Here T Q is the torus S
, where k is the number of facets of Q. The equivalence relation ∼ is defined as follows. Two points (q i , t i ) ∈ Q × T Q are identified if q 1 = q 2 and t 1 t −1 2 ∈ i∈S(q1) S 1 i , where S(q 1 ) is the set of those facets of Q which contain q 1 .
The torus which acts freely on Z Q with quotient M Q (λ) is given by the kernel of a homomorphism ψ : T Q → T , such that the restriction of ψ to S
with the standard linear torus action.
Example 2.2. If Q = Σ n is the orbit space of the standard linear torus action on S 2n , then T Q is n-dimensional. Moreover, Z Q is equivariantly homeomorphic to S 2n ⊂ C n ⊕ R with the standard linear torus action.
Example 2.3. Let Q 1 and Q 2 be two nice manifolds with corners.
Now assume that M is a torus manifold with H odd (M ; Q) = 0. This condition is always satisfied if M is rationally elliptic because χ(M ) = χ(M T ) > 0. Then the torus action on M might not be locally standard and M/T might not be a manifold with corners. But M/T still has a face-structure induced by its stratification by connected orbit types. It is defined as in [2] . A k-dimensional face is a component C of M T n−k /T such that the identity component of the isotropy group of a generic point in C is equal to T n−k , where T n−k is a subtorus of codimension k in T . The faces of M/T defined in this way have the following properties:
• It follows from localization in equivariant cohomology that the cohomology of every M T n−k is concentrated in even degrees. Therefore every component of M T n−k contains a T -fixed point. This is equivalent to saying that each face of M/T contains at least one vertex, i.e. a face of dimension zero.
• By an investigation of the local weights of the action, one sees that each face of M/T of codimension k is contained in in exactly k faces of codimension 1.
• The vertex-edge-graph of each face is connected. (see [2, Proposition 2.5])
Simplifying torus actions
In this section we describe an operation on locally standard torus manifolds M which simplifies the torus action on M . For this construction we need the following two lemmas.
Lemma 3.1. Let M be a topological n-manifold with H * (M ; Z) ∼ = H * (S n ; Z). Then there is an contractible compact (n + 1)-manifold X such that ∂X = M . Moreover, X is unique up to homeomorphism relative M . In particular every homeomorphism of M extends to a homeomorphism of X.
Proof. For n ≤ 2, this follows from the classification of manifolds of dimension n. If n = 3 then this follows from the proof of Corollary 9.3C and Corollary 11.1C of [8] . For n ≥ 4 this follows from the proof of [8, Corollary 11.1] . Lemma 3.2. Let Q 1 , Q 2 be two nice manifolds with corners of the same dimension such that all faces of Q i , i = 1, 2, are contractible. If there is an isomorphism of their face-posets φ : P(Q 1 ) → P(Q 2 ), then there is a face-preserving homeomorphism f :
Proof. We construct f by induction on the n-skeleton of Q 1 . There is no problem to define f on the 0-skeleton. Therefore assume that f is already defined on the (n − 1)-skeleton.
Let F be a n-dimensional face of Q 1 . Then f restricts to an homeomorphism ∂F → ∂φ(F ). Because F and φ(F ) are contractible manifolds with boundary ∂F , f extends to a homeomorphism F → φ(F ). This completes the proof. Now let Q be a nice manifold with corners and F a face of Q of positive codimension which is a homology disc. Let X be a homology disc with ∂X = ∂F . Then X ∪ ∂F F is a homology sphere and therefore bounds a contractible manifold Y . We equip Y with the structure of a manifold with corners such that the facets of Y are given by F and X and the lower dimensional faces coincide with the faces of F in ∂F = F ∩ X. With this face-structure X and F become nice manifolds with corners.
Let
is a facet of S X,F and we define
Lemma 3.3. Let Q, F , X as above. If dimF ≥ 3 and all faces of Q of dimension greater than dim F are contractible, then Q ′ = α F,X (α X,F (Q)) and Q are facepreserving homeomorphic.
Proof. It is clear from the construction above that P(Q ′ ) and P(Q) are isomorphic. Moreover, the dim F -skeleta of Q and Q ′ are face-preserving homeomorphic. Therefore, by using Lemma 3.1, the statement follows by an induction as in the proof of Lemma 3.2.
If M is a locally standard torus manifold over Q, then we can construct a torus manifold M ′ with orbit space α X,F (Q) as follows. Let
) (without the face-structure) by the standard action on the second factor. Choose an isomorphism T ∼ = T k × T n−k which maps λ(F ) to the first factor T k . IfḞ denotes F with a small collar of its boundary removed, then a small neighborhood of
Since Y ′ is the simply connected boundary of a contractible manifold, it is homeomorphic to a sphere. Moreover, if F is contractible, thenḞ × D 2k is contractible with simply connected boundary. Hence, it follows from Schoenflies' Theorem thaṫ F × D 2k is a disc and that we may assume that F × D 2k is embedded in Y ′ as the upper hemisphere. Therefore it follows that β X,F (M ) is homeomorphic to M if F is contractible. At first assume that dim M ≤ 6. Then because π 1 (M ) = 0 all faces of M/T are contractible. Therefore the theorem follows in this case.
Next assume that dim M ≥ 8. We simplify the torus action on M by using the operations β X,F applied by a downwards induction on the dimension of F beginning with the codimension one faces. At first assume that dim F ≥ 3 and that all faces of dimension greater than dim F are already contractible. Let X be a contractible manifold with boundary ∂F . Then β F,X (β X,F (M )) is homeomorphic to β X,F (M ). But by Lemma 3.3, α F,X (α X,F (M/T )) is face-preserving homeomorphic to M/T . Therefore it follows that β F,X (β X,F (M )) is homeomorphic to M . Hence, β X,F (M ) is also homeomorphic to M .
If dim F ≤ 2, it follows from the classification of two-and one-dimensional manifolds that there is nothing to do.
Remark 3.5. Since not every three-dimensional homology sphere bounds a contractible smooth manifold, the torus action on β X,F (M ) might be non-smooth. Therefore with our methods we cannot prove that the diffeomorphism type of M is determined by (P(M/T ), λ).
Using results of Masuda and Panov [17] and the author's methods from [23] together with Theorem 3.4, one can prove the following partial generalization of Theorem 2.2 of [23] . 
Here a characteristic submanifold of a torus manifold is a codimension-twosubmanifold which is fixed by some circle-subgroup of the torus and contains a T -fixed point. Each characteristic submanifold is the preimage of some facet of M/T under the orbit map.
In [20] Petrie proved that if an n-dimensional torus acts on a homotopy complex projective space M of real dimension 2n, then the Pontrjagin classes of M are standard. In fact a much stronger statement holds.
Corollary 3.7. Let M be a torus manifold which is homotopy equivalent to CP n . Then M is homeomorphic to CP n .
Proof. By Corollary 7.8 of [17] , the cohomology ring of M can be computed from the face-poset of the orbit space. In particular all the Poincaré duals of the characteristic submanifolds of M are generators of H 2 (M ; Z). Now it follows from Theorem 3.6 that M is homeomorphic to CP n .
Rationally elliptic torus manifolds
In this section we prove the following theorem.
Theorem 4.1. Let M be a simply connected rationally elliptic torus manifold. Then M is rationally homotopy equivalent to a quotient of a free linear torus action on a product of spheres. If, moreover, H * (M ; Z) is torsion-free or equivalently H odd (M ; Z) = 0, then M is homeomorphic to such a quotient.
For the proof of Theorem 4.1 we need the following lemmas.
Lemma 4.2. Let M be a torus manifold with H odd (M ; Q) = 0. Assume that M admits an invariant metric of non-negative sectional curvature or M is rationally elliptic. Then each two-dimensional face of M/T contains at most four vertices.
Proof. At first note that, by localization in equivariant cohomology, the odd-degree cohomology of all fixed point components of all subtori of T vanishes.
A two-dimensional face F is the image of a fixed point component M 1 of a codimension-two subtorus of T under the orbit map. Therefore it follows from the classification of four-dimensional T 2 -manifolds given in [18] and [19] that the orbit space is homeomorphic to a two-dimensional disk. If M admits an invariant metric of non-negative sectional curvature, then the same holds for M 1 . Therefore it follows from the argument in the proof of [ 
denotes the second pseudo-dual rational homotopy group of M 1 . Therefore, χ(M 1 ) ≤ 4 and there are at most four vertices in F .
Lemma 4.4. Let Q be a nice manifold with corners such that all two-dimensional faces of Q contain at most four vertices and such that the vertex-edge-graphs of all faces of Q are connected and each face contains at least one vertex. Then P(Q) is isomorphic to the face poset of a product i Σ ni × i ∆ ni . Here Σ m is the orbit space of the linear T m -action on S 2m and ∆ m is an m-dimensional simplex.
Proof. We prove this lemma by induction on the dimension of Q. If dim Q = 2, there is nothing to show. Therefore assume that dim Q > 2 and that all facets of Q are combinatorially equivalent to a product of Σ ni 's and ∆ ni 's. Let F be a facet of Q, such that F is combinatorially equivalent to i Γ i , where Γ i = Σ ni for i < r and Γ i = ∆ ni for i ≥ r. In the following we will denotẽ
Each facet of Q which meets F intersects F in a union of facets of F . Since P(F ) ∼ = P( i Γ i ), the facets of F are of the form
where F j is a facet of Γ j . Therefore each facet G kj of Q which meets F "belongs" to a factor Γ j of F , i.e.
whereF kj is a union of facets of the j-th factor Γ j in F . If this factor has dimension greater than one, then all of its facets have pairwise non-trivial intersections. Therefore F ∩ G kj is connected in this case. Otherwise F ∩ G kj might have two components.
Therefore there are the following cases:
(1) dim Γ j = 1 and one of the following statements holds: (a) There is exactly one G kj as above.
(b) There are exactly two G kj as above and
(c) There are exactly two G kj as above and
nj with n j > 1 and one of the following statements holds: (a) There are exactly n j facets G kj as above and the union of those components of nj k=1 G kj which meet F is connected. (b) There are exactly n j facets G kj as above and the union of those components of nj k=1 G kj which meet F is not connected. (3) Γ j ∼ = ∆ nj with n j > 1 and one of the following statements holds: (a) There are exactly n j + 1 facets G kj as above and
There are exactly n j + 1 facets G kj as above and
The proof of the lemma will be completed by the following sublemmas. Sublemma 4.5. In the above situation the following holds: If at all factors Γ j only the cases 1c, 2b and 3b appear, then there is an isomorphism of face posets
Sublemma 4.6. In the above situation the following holds:
(1) If the case 1a appears at Γ j0 , then there is an isomorphism of face posets
, which sends each G kj to a facet belonging to the j-th factor and F to a facet belonging to Σ 2 . (2) If the case 1b appears at Γ j0 , then there is an isomorphism of face posets P(Q) → P(∆ 2 × i =j0 Γ i ) which sends each G kj to a facet belonging to the j-th factor and F to a facet belonging to ∆ 2 . (3) If one of the cases 2a and 3a appears at Γ j0 , then there is an isomorphism of face posets P(Q) → P(Γ j0 × i =j0 Γ i ) which sends each G kj to a facet belonging to the j-th factor and F to a facet belonging toΓ j0 . In particular, if one of the cases 1a, 1b, 2a and 3a appears at Γ j0 , then at the other Γ j only the cases 1c, 2b and 3b can appear. Now we prove by induction on the dimension of Q the two sublemmas from above. For dim Q = 2, these sublemmas are obvious. Therefore assume that n = dim Q > 2.
Proof of Sublemma 4.5. Assume that only the cases 1c, 2b and 3b appear.
Step 1. At first we determine the combinatorial types of the facets G kj . We consider the inclusion F ∩ G k0j0 ֒→ G k0j0 . Then F ∩ G k0j0 is a facet of G k0j0 and there is a combinatorial equivalence
such that each component of G k0j0 ∩ G kj ∩ F corresponds to a facet of the j-th factor. The facets of G k0j0 which meet F ∩ G k0j0 are given by the components of G k0j0 ∩ G kj which meet F . We show that if one of the cases 1c, 2b and 3b appears at the factor Γ j of F then the same holds for the factor Γ j of F ∩ G k0j0 . If one of the cases 1c and 3b appear this is clear because
Therefore assume that case 2b appears at Γ j .
At first assume that j = j 0 and n j = 2. Then there is only one G kj which is not equal to G k0j0 and the intersection of G kj and G k0j0 has two components which meet F because G kj ∩ G k0j0 ∩ F has two components and the union of those components of G kj ∩ G k0j0 which meet F is disconnected. Therefore we have that case 1c appears at the factorΓ j0 of F ∩ G k0j0 .
Next assume that j = j 0 or n j0 > 2. Then there is only one component B kj of G k0j0 ∩ G kj which meets F because G k0j0 ∩ G kj ∩ F is connected. Clearly k B kj is contained in k G kj ∩G k0j0 . By dimension reasons k B kj is a union of components of k G kj ∩ G k0j0 . In fact, the union of those components of k B kj which meet F is equal to the union of those components of k G kj ∩ G k0j0 which meet F .
Since every component of k G kj ∩F contains exactly one component of k G kj ∩ G k0j0 ∩ F , each component of k G kj which meets F contains a component of k B kj which meets F . Because the union of those components of k G kj which meet F is disconnected, the same holds for the union of those components of k B kj which meet F . Hence, the case 2b appears at the factor Γ j of F ∩ G k0j0 .
Therefore it follows from the induction hypotheses that there is an isomorphism of posets P(G k0j0 ) → P((F ∩G k0j0 )×[0, 1]), such that F is mapped to (F ∩G k0j0 )× {0} and the component C of G k0j0 ∩G kj which meets F is mapped to (F ∩C)×[0, 1]. In particular, all components of G k0j0 ∩ G kj meet F .
Step 2. Let H k0j0 be the facet of Q which intersects G k0j0 in the facet of G k0j0 which corresponds to (F ∩ G k0j0 ) × {1}. If q is a vertex of G k0j0 corresponding to (p, 1), where p is a vertex of F ∩ G k0j0 , then H k0j0 is the facet of Q which is perpendicular to the edge of G k0j0 which corresponds to {p} × [0, 1]. We claim that all H k0j0 are the same.
If
Hence, it follows that all H kj are equal, so we can drop the indices. Since the vertex-edge-graph of H is connected, every face of Q contains at least one vertex and each vertex is contained in exactly n − 1 facets of H, it follows that the facets of H are given by the G kj ∩ H.
Indeed, if there is another facet of H, then it contains a vertex v of H. Since the vertex-edge-graph of H is connected, we may assume that v is connected by an edge to a vertex v ′ ∈ G kj ∩ H. It follows from the description of the combinatorial type of G kj that v ′ is contained in n − 1 facets of H of the form G k ′ j ′ ∩ H. Therefore each edge which meets v ′ is contained in a facet of the form G k ′ j ′ ∩ H. Hence, v ∈ G k ′ j ′ . Therefore it follows from the description of the combinatorial type of G k ′ j ′ that all facets of H which contain v are of the form G k ′′ j ′′ ∩ H. This is a contradiction to the assumption that v is contained in a facet which is not of this form.
Therefore there is an isomorphism of posets φ :
Step 3. Now we can determine the combinatorial type of Q.
Since the vertex-edge-graph of Q is connected, every face of Q contains at least one vertex and each vertex is contained in exactly n facets, F , H, G kj is a complete list of facets of Q. Hence it follows that the face posets of Q and F × [0, 1] are isomorphic. An isomorphism is given by
Here C J is a component of the intersection (k,j)∈J G kj . Therefore the sublemma is proved.
Proof of Sublemma 4.6. Now we consider the situation where one of the cases 1a, 1b, 2a or 3a appears at one of the factors Γ j0 of F .
Step 1. At first we describe the combinatorial type of the facets G kj0 of Q.
Step 1a. Assume that the case 2a appears at the factor Γ j0 of F . We consider the inclusion of F ∩ G k0j0 ֒→ G k0j0 . Then F ∩ G k0j0 is a facet of G k0j0 and there is a combinatorial equivalence
such that each component of G k0j0 ∩G kj ∩F corresponds to a facet of the j-th factor. Moreover, the facets of G k0j0 which meet F ∩ G k0j0 are given by those components of the G kj ∩ G k0j0 which meet F . Since the case 2a appears at the factor Γ j0 of F it follows that there is only one component of k G kj0 = k (G kj0 ∩ G k0j0 ) which meets F . Therefore one of the cases 2a or 1a appears at the factor Σ
Hence, it follows from the induction hypothesis that G k0j0 is combinatorially equivalent to i Γ i in such a way that the component of G k0j0 ∩ G kj which meets F is mapped to a facet which belongs to the j-th factor and F ∩ G k0j0 is mapped to a facet which belongs to the j 0 -th factor. In particular, G kj ∩ G k0j0 is connected for all k and j with n j > 1. If n j = 1 and j = j 0 , then G kj ∩ G k0j0 is disconnected if and only if G kj ∩ G k0j0 ∩ F is disconnected. It follows from the description of the combinatorial type of F that this last statement is true if and only if G kj ∩ F is disconnected.
Step 1b. Next assume that the case 3a appears at the factor Γ j0 of F . We consider the inclusions of F ∩ G k0j0 ֒→ G k0j0 . Then F ∩ G k0j0 is a facet of G k0j0 and there is a combinatorial equivalence
such that each component of G k0j0 ∩ G kj ∩ F corresponds to a facet of the j-th factor. The facets of G k0j0 which meet F ∩ G k0j0 are given by the components C kj of G kj ∩ G k0j0 which meet F . Then it follows from the induction hypothesis that G k0j0 is combinatorially equivalent to one of the following spaces
In such a way that the C kj0 correspond to facets of the j 0 -th factor. In particular, G k1j0 ∩ G k0j0 = C kj0 is connected for all k 1 . Since
k=1 G kj0 = ∅, it follows from the induction hypothesis that we are in case 1. In this case an isomorphism of P(G k0j0 ) → P( i Γ i ) is induced by
where H kj are the facets of the j-th factor in the product. In particular, G kj ∩ G k0j0 = C kj is connected for all k and j with n j > 1. If n j = 1 and j = j 0 , then G kj ∩ G k0j0 is disconnected if and only if G kj ∩ F is disconnected.
Step 1c. Next assume that one of the cases 1a and 1b appears at Γ j0 . We consider the inclusion of a component C of F ∩ G 1j0 in G 1j0 . Then C is a facet of G k0j0 and there is a combinatorial equivalence
such that each component of G k0j0 ∩ G kj ∩ F corresponds to a facet of the j-th factor.
Then the facets of G 1j0 which meet C are given by the components C kj of G kj ∩ G k0j0 which meet F . It follows from the induction hypothesis that G 1j0 is combinatorially equivalent to one of the following spaces:
Such that each C kj corresponds to a facet of the j-th factor. By the conditions 1a or 1b, there is a facet of G 1j0 which is not equal to C or C kj , j = j 0 . In case 1a this facet is the other component of the intersection F ∩ G 1j0 . In case 1b this facet lies in the intersection G 2j0 ∩ G 1j0 . Hence, it follows that we are in case 1.
In this case an isomorphism of P(
where H kj are the facets of the j-th factor in the product and C ′ is the other component of F ∩ G k0,j0 or G 1j0 ∩ G 2j0 . In particular, G kj ∩ G k0j0 = C kj is connected for all k and j with n j > 1. If n j = 1 and j = j 0 , then G kj ∩ G k0j0 is disconnected if and only if G kj ∩ F is disconnected.
Step 2. Next we show that at the other factors of F only the cases 1c, 2b or 3b can appear.
Step 2a. Next assume that one of the cases 2a and 3a appears at the factor Γ j0 of F and one of the cases 1a, 1b, 2a and 3a appears at another factor Γ j1 of F . Then we consider the intersection G 1j0 ∩ G 1j1 . It follows from the description of the combinatorial type of G 1j0 that there is an isomorphism of posets
such that F ∩G 1j0 ∩G 1j1 and the G kj0 ∩G 1j0 ∩G 1j1 , k > 1, correspond to the facets belonging to the factor Γ j0 . Hence, it follows that the intersection of G 1j0 ∩ G 1j1 with k>1 G kj0 is non-empty (or connected) if case 3a (or 2a, respectively) appears at the factor Γ j0 of F .
From the description of the combinatorial type of G 1j1 it follows that there is an isomorphism of posets
such that the G kj0 ∩ G 1j0 ∩ G 1j1 , k > 1, correspond to the facets belonging to the factorΓ j0 . Hence, it follows that the intersection of G 1j0 ∩ G 1j1 with k>1 G kj0 is empty (or non-connected) if case 3a (or 2a, respectively) appears at the factorΓ j0 of F . Therefore we have a contradiction.
Step 2b. Next assume that one of the cases 1a and 1b appears at the factor Γ j0 of F and at another factor Γ j1 of F . We consider a component C of
It is combinatorially equivalent to a square. Let H be the component of i =j1,j2 ni k=1 G k,i which contains C as a facet. H is a three-dimensional face of Q.
Then the facets of H which meet C are given by C, and the components of H ∩ G kj1 and H ∩ G kj0 . It follows from the description of the combinatorial type of G kj0 given above, that all H ∩G kj1 and H ∩G kj0 are connected and combinatorially equivalent to squares. Hence, it follows that H is combinatorially equivalent to a cube. But if 1a holds at Γ j0 , then the intersection of C and H ∩ G 1j0 has two components. If 1b holds at Γ j0 , then the intersection of H ∩ G 1j0 and H ∩ G 2j0 is non-empty while C ∩ G 1j0 ∩ G 2j1 = ∅. This gives a contradiction.
Therefore there is at most one factor Γ j0 of F where one of the cases 1a, 1b, 2a and 3a appears.
Step 3. Now we describe the combinatorial type of the facets of Q which meet F and do not belong to the factor Γ j0 . Let Γ j1 be another factor of F . We consider the inclusion F ∩ G k1j1 ֒→ G k1j1 . Then F ∩ G k1j1 is a facet of G k1j1 and there is a combinatorial equivalence
such that each component of G k1j1 ∩G kj ∩F corresponds to a facet of the j-th factor. Moreover, the facets of G k1j1 which meet F ∩ G k1j1 are given by the components C kj of G kj ∩ G k1j1 which meet F . Hence, it follows from the description of the combinatorial type of G kj0 that the case which appears for the factor Γ j0 of F also appears at the factor Γ j0 of G k1j1 ∩ F . Therefore from the induction hypothesis we get an isomorphism of posets
such that F ∩G k1j1 is mapped to a facet of the j 0 -th factor and C kj to a facet of the j-th factor. Hence, it follows that G kj ∩ G k1j1 is connected if j = j 1 or Γ j1 = Σ 2 . Otherwise this intersection has two components.
Step 4. Now we can determine the combinatorial type of Q. Now let, for j = j 0 , n j = n j andñ j0 = n j0 + 1. Moreover, let G mj0 = F , where m =ñ j0 if one of the cases 1a or 2a appears at the factor Γ j0 of F and m =ñ j0 + 1 if one of the cases 1b or 3a appears at the factor Γ j0 of F . Let P = i<r Σñ i × i≥r ∆ñ i and H kj the facets of P belonging to the j-th factor. We have shown above that there are isomorphisms of posets
If (k,j)∈J H k,j = ∅, then this intersection has 2 m components, where m is the number of j 1 's with j 1 < r and J ⊃ I j1 = {(k, j 1 ); 0 ≤ k ≤ñ j1 }. If J = I j1 as above, then (k,j)∈J H k,j has two components C 1 and C 2 . Moreover, there is an automorphism of P(P ), which interchanges C 1 and C 2 and fixes all faces of P not contained in C 1 ∪ C 2 . Therefore, after composing some of the isomorphisms P(G kj ) → P(H kj ) with these automorphisms if necessary, we can extend these isomorphisms to an isomorphism P(Q) → P(P ), with G kj → H kj . This completes the proof of the sublemma.
Proof of Theorem 4.1. At first assume that H odd (M ; Z) = 0. It follows from Lemmas 4.2 and 4.4 that M/T is combinatorially equivalent to P = i<r Σ ni × i≥r ∆ ni . Therefore, by Theorem 3.4, it is homeomorphic to a torus manifold M ′ over P . The manifold M ′ can be constructed as the model M P (λ), where λ is the characteristic map of M . M ′ is the quotient of a free torus action on the moment angle complex Z P associated to P . But Z P is equivariantly homeomorphic to a product of spheres with linear torus action. Therefore the theorem is proved in this case. Now assume that H odd (M ; Q) = 0. In this case we will use GKM-theory to determine the cohomology of M . For background information on GKM-graphs of torus manifolds see [13] or [16] .
The GKM-graph of a torus manifold M is a labeled graph which has the fixed points of the torus action as its vertices. Two vertices x 1 , x 2 are connected by an edge if there is a two-dimensional invariant submanifold N of M which contains x 1of spheres. Since the cohomology of such a quotient is intrinsically formal, M 1 and M 2 are rationally homotopy equivalent and rationally elliptic.
Therefore M 1 and M 2 are both rationally homotopy equivalent to quotients of free torus actions on products of spheres S i , i = 1, 2, where the dimension of the acting torus T i is equal to the number of odd dimensional spheres in the product. Moreover, each factor in these products has at least dimension 3. And each factor in S i corresponds to a factor of the face-poset of M i /T which is combinatorially equivalent to j Σ nji × j ∆ nji . Therefore we have
for i = 1, 2 and j > 2. Since two products of spheres have the same rational homotopy groups if and only if they have the same number of factors of each dimension, it follows that the face posets of M 1 and M 2 are isomorphic.
It is known that i CP ni , is rigid among quasitoric manifolds (see [4] and the references therein). The next corollary shows that i CP ni is rigid among simply connected torus manifolds. 
Non-negatively curved torus manifolds
In this section we prove the following:
Theorem 6.1. Let M be a non-negatively curved torus manifold. Then M is equivariantly diffeomorphic to a quotient of a free linear torus action on a product of spheres.
For the proof of this theorem we need the following unpublished result of Spindeler.
Theorem 6.2 ([22]
). Let M be a closed non-negatively curved fixed point homogeneous Riemannian manifold. Then there exists a smooth invariant submanifold N ⊂ M such that M decomposes as the union of the normal disc bundles of N and a maximal fixed point component F :
Here E = ∂D(F ) ∼ = ∂D(N ). Further N is invariant under the group U = {f ∈ Iso(M ); f (F ) = F }. Moreover, the decomposition (6.1) is U -equivariant with respect to the natural action of U on D(F ), D(N ) and M .
Here a Riemannian G-manifold is called fixed point homogenous if there is a component F of M G , such that, for every x ∈ F , G acts transitively on the normal sphere S (N x (F, M ) ). Such a component F is called maximal component of M G . Now let M be a torus manifold and F ⊂ M a characteristic submanifold. Then M is naturally a fixed point homogeneous manifold with respect to the λ(F )-action on M . Moreover, the torus T is contained in the group U from the above theorem. In this situation we have the following lemma. Lemma 6.3. Let M be a torus manifold with an invariant metric of non-negative curvature. Then M is locally standard and M/T and all its faces are diffeomorphic (after-smoothing the corners) to standard discs D k . Moreover, M is simply connected and H odd (M ; Z) = 0.
Proof. We prove this lemma by induction on the dimension of M . If n = dim M ≤ 2, then this is obvious. Therefore assume that dim M ≥ 4 and that the lemma is proved in all dimensions less than dim M . By Theorem 6.2, we have a decomposition
where F is an characteristic submanifold of M and E the S 1 -bundle associated to normal bundle of F .
Since F is totally geodesic in M , it admits an invariant metric of non-negative curvature. Hence, it follows from the induction hypothesis that F is simply connected. It follows from the exact homotopy sequence for the fibration π F : E → F that π 1 (E) is cyclic and generated by the inclusion of a fiber of π F .
The circle subgroup λ(F ) of T , which fixes F , acts freely on E. It follows from the exact homotopy sequence for the fibration π N : E → N , that π 1 (N ) is generated by the curve
where x 0 ∈ N is any base point of N . Let x ∈ F be a T -fixed point. Then the fiber of π F over x is a T -orbit of type T /T ′ . Here T ′ ⊂ T is a codimension-one subtorus of T such that T = λ(F ) × T ′ . Then there are two cases:
(
follows from an investigation of the T -representation Tx 1 M that N is a fixed point component of some subtorus T ′′ of T with 2 dim T ′′ = codim N . Therefore N is a torus manifold. Since N is totally geodesic in M it follows that the induced metric on N has non-negative curvature. Hence, it follows from the induction hypothesis that N is locally standard and N/T is diffeomorphic after smoothing the corners to a standard disc. Hence it follows that the T -actions on D(N ) and D(F ) are locally standard and
Since E/T ∼ = F/T is also diffeomorphic to a disc, it follows that M/T is diffeomorphic to a standard disc. In particular, ∂M/T is connected. Therefore every facetF of M/T contains a vertex. Because each such facet is the quotient of a characteristic submanifold of M , by the induction hypothesis every face ofF is diffeomorphic to a standard disc. Since each proper face of M/T is contained in a facet, it follows that all faces of M/T are diffeomorphic to standard discs. Now it follows from [24, Lemma 2.7] , that M is simply connected. Moreover, by [17, Theorem 2], we have H odd (M ; Z) = 0. Hence, the lemma follows in this case. In the second case π N (π −1
F (x))) is a one-dimensional orbit. By the Slice-Theorem there is an invariant neighborhood of π −1
where C n−1 is a faithful T ′ -representation and R is a trivial representation. Here, the R-factor is normal to E.
Since π N is a equivariant submersion, there is an invariant neighborhood of
where H 0 is a finite subgroup of λ(F ) and the H 0 -action on C n−1 × R commutes with the T ′ -action. Moreover, the factor R is normal to N . Therefore it follows that N has odd dimension.
Claim: λ(F ) acts freely on N . Assume that there is a an H ⊂ λ(F ), H = {1}, such that H has a fixed point x 2 ∈ N . We may assume that H has order equal to a prime p. Then H acts freely on the fiber of π N over x 2 . This fiber is diffeomorphic to S 2k . Since 2 = χ(S 2k ) ≡ χ((S 2k ) H ) mod p, it follows that p = 2. In this case the restriction of E to the orbit λ(F )x 2 is a non-orientable sphere bundle. Hence N is not orientable. Therefore π 1 (N ) has even order. Let
Then γ 0 is homotopic to 2γ 1 . Since π 1 (N ) is cyclic and generated by γ 0 , it follows that
, which implies that π 1 (N ) is of odd order. This gives a contradiction. Therefore λ(F ) acts freely on N . In particular H 0 is trivial. Now it follows from (6.2) , that N/λ(F ) is a torus manifold with π 1 (N/λ(F )) = 0. Hence, N is orientable, because the stable tangent bundle of N is isomorphic to the pullback of the stable tangent bundle of N/λ(F ). Moreover, by (6.2) , N is a codimension-one submanifold of a fixed point component N ′ of a subtorus T ′′ ⊂ T with 2 dim T ′′ = codim N ′ . The normal bundle of N ′ in M splits as a sum of complex line bundles. Therefore N ′ is orientable and the normal bundle of N in N ′ is trivial. Hence, the structure group of the normal bundle of N in M (and also of E → N ) is given by T ′′ . Let T ′′′ be a complimantary subtorus of T to T ′′ with T ′′′ ⊃ λ(F ). The Taction on E can be discribed as follows. T ′′ acts linearly on the sphere S 2k with 2k = codim N − 1. Let P be the principal T ′′ -bundle associated to E → N . Then we have
The T ′′′ -action on N lifts to an action on P . Together with the T ′′ -action on S 2k this action induces the T -action on E. Let H ⊂ T ′′′ /λ(F ) be the isotropy group of some point y ∈ N/λ(F ). Then H acts on the fiber of E/λ(F ) over y via an homomorphism φ : H → T ′′ . This φ depends only on the component of (N/λ(F )) H which contains y. Since
and that H ′ is the isotropy group of generic points in the fiber over y. Since E/λ(F ) is equivariantly diffeomorphic to F and F is locally standard by the induction hypothesis, it follows that H is a torus and 2 dim H = codim(N/λ(F ))
H . Therefore N/λ(F ) is locally standard. Hence it follows that M is locally standard in a neighborhood of N . Since M is also locally standard in a neighborhood of F , it follows that M is locally standard everywhere. Now we have the following sequence of diffeomorphisms
Hence there is a diffeomorphism D n ∼ = N/T ′′′ × D k+1 ∼ = N/T ′′′ × Σ k+1 ∼ = D(N )/T . Now the statement follows as in the first case.
For the proof of Theorem 6.1 we need some more preparation.
Lemma 6.4. Let Q be a nice manifold with corners such that all faces of Q are diffeomorphic (after smoothing the corners) to standard discs. Then the diffeomorphism type of Q is uniquely determined by P(Q).
Proof. This follows directly from results of Davis [5, Theorem 4.2] .
In analogy to line shellings for polytopes we define shellings for nice manifolds with corners. Example 6.6. ∆ n and Σ n are shellable and any ordering of their facets is a shelling. This follows by induction on the dimension n because the intersection of any facet F j with a facet F i with i < j is a facet of F j .
Lemma 6.7. Let Q 1 and Q 2 be two nice manifolds with corners such that all faces of Q 1 and Q 2 are contractible. If F 1 , . . . , F s and G 1 , . . . , G r are shellings of Q 1 and Q 2 , respectively, then
is a shelling of Q 1 × Q 2 .
Proof. We prove this lemma by induction on the dimension of Q 1 ×Q 2 . For dim Q 1 × Q 2 = 0 there is nothing to show. Therefore assume that dim Q 1 × Q 2 > 0 and the lemma is proved for all productsQ 1 ×Q 2 of dimension less than dim Q 1 × Q 2 .
(1) It follows from the induction hypothesis that F 1 × Q 2 has a shelling.
(2) For j ≤ s − 1, we have
i=1 F i = ∂F j is the beginning of a shelling of F j . By the induction hypothesis it follows that (6.3) is the beginning of a shelling of F j × Q 2 .
For 1 ≤ j ≤ r we have (6.4)
Therefore it follows from the induction hypothesis that (6.4) is the beginning of a shelling of Q 1 × G j . (3) The verification that
Q 1 ×G i is contractible for j ≤ s−1 and j ′ ≤ r is left to the reader.
It follows from the above lemma that i Σ ni × i ∆ ni is shellable. Now we can prove the following lemma in the same way as Theorem 5.6 in [24] .
Lemma 6.8. Let M be a locally standard torus manifold over a shellable nice manifold with corners Q. Then M is determined up to equivariant diffeomorphism by the characteristic function λ M . Now we can prove Theorem 6.1.
Proof of Theorem 6.1. As in the proof of Theorem 4.1, it follows that (P(M/T ), λ) is isomorphic to (P(M ′ /T ), λ ′ ), where M ′ is the quotient of a free linear torus action on a product of spheres. This quotient admits an invariant metric of non-negative curvature. Therefore, by Lemmas 6.3, 6.4 and 6.8, M and M ′ are equivariantly diffeomorphic.
